Recently, it has been shown that the Weinberg's formula for soft graviton production is essentially a Fourier transformation of the formula for gravitational memory which provides an effective way to understand how the classical calculation arises as a limiting case of the quantum result. In this note, we propose a general framework that connects the soft theorems to the radiation fields obtained from classical computation for different theories in even dimensions. We show that the latter is nothing but Fourier transformation of the former. The memory formulas can be derived from radiation fields explicitly. * maopj@ihep.ac.cn
Introduction
Recently, a triangle of exact equivalence relation between three classes of physics has been established [1] (see, also, [2] for a comprehensive discussion). It was first observed by Strominger and collaborators in gravitational theory [3, 4] 1 . The precise ingredients of this triangle relation are Weinberg's soft graviton theorem [6] , gravitational memory [7] and Bondi-Metzner-Sachs (BMS) Supertranslation [8] . Those physical phenomena are connected in the following way: The gravitational memory formula is nothing but a Fourier transformation of the soft graviton factor, which suggests that the classical result is a limiting case of quantum result; the soft graviton theorem is precisely equivalent to the Ward identity of the BMS supertranslation that is supposed to be a spontaneously broken symmetry of the quantum gravity S-matrix; gravitational memory can be understood as a transition between two inequivalent vacua of the gravitational field and the initial and final vacua are related by the specific BMS supertranslation. Shortly, this triangle relation has gained considerable attentions and has been extended to electromagnetism [9, 10] , Yang-Mills theory [11] and other theories [12, 13] .
Originally, the triangle relation was established in four dimension and only Weinberg's pole formula [6] was involved. In reality, soft theorems can be viewed as factorization properties that scattering amplitudes must obey in a low-energy expansion. For gauge and gravitational theory, the universal properties go through the subleading order and subsubleading order respectively in a low-energy expansion in arbitrary dimensions [14] (see, also, [15] [16] [17] [18] [19] [20] [21] ). With the triangle equivalence in mind, one would expect that any new discovery at one corner will hint at new physics at other corners which are intensively discussed recently. In four dimension, new memory effects were reported [22, 23] inspired by the subleading soft theorems. On the asymptotic symmetry side, the investigation is still ongoing and an agreement has not been reached. The subleading soft theorems can be understood as Ward identities of new symmetries [24] . But the nature of those new symmetries are not completely known namely it is not clear that the new reported symmetries are asymptotic symmetries of the theories of interest. Alternatively, a consistent picture was proposed [25] that the subleading soft theorems can be recovered as a Ward identity associated to the same symmetries that control the leading piece of the theorem. The situation in higher dimension is less clear even at the leading order. On the one hand, the asymptotic symmetry (e.g. the BMS supertranslation in gravitational theory) that is supposed to be responsible for the leading soft theorem seems to be debatable [26, 27] . On the other hand, the memory effect in higher dimension was shown to be absent [28] .
The aim of the present note is to clarify the connection between soft theorems and memories in even dimensions for different theories. Using the retarded and advanced Green's functions in even dimensions, we obtain the retarded and advanced solutions of the wave functions in Minkowski spacetime. The radiation fields [29] are defined by the difference of the retarded and advanced solutions. We find that the radiation fields are nothing but a Fourier transformation of the soft factors of the theory that we are solving for the radiation fields. In the asymptotic region, the memory formulas can be reproduced explicitly by the radiation fields in four dimension. In higher dimensions, we show that in d dimension there is no memory effect at the order r 1−d/2 in the 1/r expansion which is in consistence with the results of [28] . However there are memories in dimensions higher than four if one is able to trace the subleading orders in the 1/r expansion. The nontrivial memory is of order r 3−d 2 . Consequently, we propose that the equivalence of the soft theorems and memories should be understood in the following way: The classical computation of the radiation fields arises as a limiting case of the quantum results namely soft theorems 3 and the memory effects are determined completely by the radiation fields in the asymptotic region.
The organization of this note is quite simple. In the next section we establish the general set-up. We compute the radiation fields from the classical field equations and show that the the radiation fields are nothing but Fourier transformation of the soft factors. In section 3, we discuss the relation of the radiation fields and the memories. The last section is devoted to discussions on open issues.
The set-up
The key observation of the equivalence of the soft theorems and memories is to consider the soft factors as the expectation value of fluctuation of fields [4, 10, 22, 23] . This will be also applied in the present work. We start with the scalar field to establish our general set-up.
Scalar field
Soft scalar theorem has been recently derived in [13] 4 :
where g k are the coupling constants, q is the momentum of the soft scalar and p k are the momenta of the hard particles. We will consider massive hard particles since charged particle sources moving at the speed of light seem to be ill-defined [32] when solving the classical wave equations. The soft factor will be interpreted as the expectation value of the scalar field in the process of scattering in momentum space [4, 10, 22, 23] which leads to
where d denotes the dimension of the spacetime. Hence,
at the low energy limit. Performing a Fourier transformation, one obtains the scalar field in the position space as
where η k = 1 or −1 for an outgoing or incoming particle 6 . We now calculate ϕ d (x) in even dimension d = 4 + 2n. It is very useful to define the generating function
Then ϕ d (x) can be derived from the generating function easily by taking the limit
4 As already pointed in [13] , the soft scalar theorem is only a tree-level result because scalar fields will not retain massless after including loop corrections.
5 One may consider M N +1 as the expectation value of the scalar fluctuation produced in the process of n → N − n scattering while M N may be regarded as the "vacuum" expectation value in this process. 6 We take a different convention than [13] where all legs outgoing were assumed.
The generating function can be solved out explicitly
Here we consider Φ as a function of (t, r, θ k ). It is useful to note that one can write this generating function as a three dimensional integral over the subspace spanned by x, p k and n with n · x = n · p = 0 and |n| = 1:
where n µ = (0, n). It follows that
where
As we will see shortly that this is nothing but the radiation field obtained from the solutions of the massless scalar wave equation.
In d = 4 + 2n dimensional spacetime, the retarded and advanced Green's functions satisfying the equation
are given by [33] 
Considering the source corresponding to a particle created or destroyed at the origin
we obtain the retarded solution for the wave function
as ϕ
Now we introduce the retarded generating function
For massive particle source, we have
The generating function for the advanced solution with massive particle source can be derived in a similar way
A general source can be written as a linear superposition of such created and destroyed particles (14) , so the solutions can be written as a superposition of individual ones.
is precisely the same as (9) . However, (9) is derived as a low energy limit (ω → 0) of the quantum computation namely scattering amplitudes while (20) is a solution of classical wave equation. The equivalence of those two suggests that the classical calculation arises as a limiting case of the quantum result.
Electromagnetic field
Now we move on to the fields with spin. Let us first consider the electromagnetic theory. It has been realized long time ago that the scattering of a soft photon displayed universal properties through the subleading order in a low-energy expansion [14] (see, also, [15] for earlier, restricted to four dimension, versions)
In analogy with the scalar case (3), one can consider the soft factors to be the classical fields in the momentum space at low energy limit
Evaluating its Fourier transformation
it is straightforward to get
where ϕ dk is defined by
We will show that (24) is just the radiation fields obtained from Maxwell's equations in Lorentz gauge:
where j µ d is a conserved current. A generic current for a collection of charged free point particles associated with the soft factor up to subleading order is given by
where the second term of the right hand side is the dipole contribution. Conservation of the current implies conservation of the charge
In Lorentz gauge, the Maxwell's equations (26) take the form of a wave function (11) of each component of A µ . Hence, we can immediately write down the retarded and advanced solutions with the help of the Green's functions (12) and (13) . Finally, we get
Then, the radiation field of electromagnetic theory
recovers the soft factor in position space (24) explicitly.
Linearized gravitational field
In this section, we demonstrate our last example which is the linearized gravitational theory. The soft graviton theorem goes through the subsubleading order [14, 21] (see, also, [17, 19] for earlier, restricted to four dimension, versions)
We consider the soft factors as the classical field in the momentum space at low energy limith
Similar to the scalar and electromagnetic case, the classical field in position space can be obtained simply by a Fourier transformation
where Φ k is again defined in (10). Now we consider the linearized Einstein equations in harmonic gauge
where T µν d is a symmetric and conserved stress-energy tensor. A generic stress-energy tensor for a collection of free point particles associated with the soft factor up to subsubleading order is given by
8 we are using natural units where 8πG N = 1.
where the last terms of the right hand side are the dipole and quadrupole contributions [34] . The linearized Einstein equations also take the form of a wave function (11) of each component. Thus, the retarded and advanced solutions are obtained easily as
Finally, the radiation fieldh
is nothing but (33).
Radiation field and memory
We now turn our attention to the memory effect. We will recover the result of [28] from the radiation field. If one focuses on the future null infinity, the advanced field will not have memory effects on it. Thus our radiation field should be the same as the retarded field. Nevertheless, it is still meaningful to see this directly. Moreover, we will show that there are nontrivial memories in dimensions higher than four from certain subleading order in the 1/r expansion.
Scalar memory
The scalar field generated by the source (14) will produce a force on a distant test particle. The scalar force on a test particle is given by
In the limit of large r with u = t−r finite, we expand scalar field in dimension d = 4+2n as
where ϕ d can be obtained from the generating function (10). The leading order behavior of ϕ d is r −1−n and the coefficient of leading order is
As proved in [27, 28] , the leading order does not give momentum memory effect for d > 4, which agrees with our result because the momentum memory effect is order r −1−2n as we will show later. However, the momentum memory effect is related to the leading order of ϕ d by equation of motion. Using the wave equation of the scalar field, we obtain
where ∇ 2 S 2+2n is the Laplace-Beltrami operator on S 2+2n . The radiation field is zero at u > 0. Then it follows that
The momentum memory can be written as
Therefore the momentum memory of the radiation field in dimension 4 + 2n is of order r −1−2n and is determined by the leading order coefficient ϕ
d . To see this more precisely, we calculate the memory using the generating function. The generating function of the scalar force on a test particle is given by
We consider the motion of a test particle near null infinity in the time interval (−u 1 , u 1 ) where u 1 ≪ r. Then the generating function of the scalar memory which is the change in d-momentum due to this force is given by
Let us define a new parameter S = sr −2 and take the large r limit with u 1 > 0 fixed. Then, the leading term of ∆P µ is of order r −1 and independent of u 1 :
For d = 4, 6, 8, the memories are as follows:
In four dimension, we obtain a momentum memory effect in the null direction K µ as in [32] . In higher dimensions, there are momentum memory effects in radial and transverse directions at order r −1−2n of the expansion.
Electromagnetic memory
We now turn our attention to electromagnetic memory. Electromagnetic field associated with the current (27) will produce velocity kick on a distant test particle. Expanding in powers of 1/r and using the Maxwell's equations, we can write the radiation electromagnetic field as
The radiation field agrees with the results of the retarded field derived in [28] and the electromagnetic memory is determined completely in terms of A
dµ . For simplicity, we consider the case that the current (27) only has the monopole contribution, which will be dominant in the memory 9 . The generating function for the field strength is
For a test particle with charge Q and d-velocity v ν , the instantaneous kick in dmomentum is given by the generating function
at the rest frame of the test particle. Here P ku , P kr and P kκ k are given in (54), (55) and (56). Similar to the scalar case, the memory in dimension 4 + 2n is of order r −1−2n . The memory in arbitrary even dimension can be obtain by this generating function. Here we give the results in d = 4, 6, 8 cases for our only-illustrative purposes. In the limit s → 0, P kr and P kκ k vanish. Therefore in four dimension, the test particle obtains a change in its 4-momentum in the transverse direction
This agrees with the results obtained by Bieri and Garfinkle [35] . In six and eight dimension cases, the electromagnetic force also gives rise to a radial kick memory effect
Linearized gravitational field and memory
The gravitational memory effect is a permanent relative displacement of nearby observers induced by gravitational waves. If two nearby observers are initially at rest and separated by spatial displacement l µ , then gravitational wave changes their separation by d
Similar to the scalar and electromagnetic field cases, we can writeh dµν as
which agrees with the results of [28] and the gravitational memory of the radiation field is determined explicitly in terms ofh
dµν . We consider only the monopole contribution in the stress-energy tensor (35) , which will be dominant in the memory 10 . The gravitational memory is the double integral of nearby observers near null infinity 1 2 ∆h
in the limit of r → ∞. It is difficult to calculate the generating function for the gravitational memory. Nonetheless, we can check the memory for d = 4, 6, 8 cases. In four dimension, we get
which agrees with [36] . The results in six and eight dimensions are given by
Discussions
We have shown that one can re-interpret the equivalence of the soft theorems and memories as the equivalence between soft theorems and radiation fields where the soft theorems can be considered as a limiting case of quantum results that recovers the classical computations i.e. radiation fields. The memory formulas can be reproduced explicitly from the radiation fields near future null infinity. Now we would like to comment on some aspects that arise in previous sections. It is amusing to find that the subleading orders of soft theorems are related to the multipole contributions of the source of the wave equations. The universal properties of soft emission stop at subleading and subsubleading order in electromagnetic theory and gravitational theory respectively. A very curious point is the radiation fields including multipoles contributions beyond dipole and quadrupole in the current (27) and the stress-energy tensor (35) . There should be some reasonings that make the monopole and dipole (also quadrupole for gravitational theory) contributions special to be consistent with the soft theorems. We postpone relevant investigation elsewhere.
A puzzling issue to which we do not yet have an answer is that if there is observational effect associated to the memory in lower order in the 1/r expansion in higher dimensions. As we have shown in section 2, the formula of the equivalence is, in general, valid in any even dimension while the memory effect is quite sensitive to dimension of the spacetime. However, this may not be surprised. It is well known that the Newtonian limit of general relativity has different effects in different dimensions. For instance, general relativity in 2+1 dimensions has a Newtonian limit without force between static point masses [37] .
A more subtle one is the fact that the radiation fields that we are dealing with are solutions of source-free wave equations. This may be related to the argument that soft particles that we are concerning in the present work are free. There are indeed some other facts that hint such argument. On the one hand, it is well known that the effect of attaching several soft photon or soft graviton to an arbitrary scattering process is just to supply a product of factors of the Weinberg's pole formula, one for each soft particles [6] 11 . Hence, adding multiple soft particles is like adding one by one and soft particles do not see each other namely they are free particles. On the other hand, the soft theorems are connected to asymptotic symmetries in the triangle equivalence. It is reasonable to consider that the soft particles arise from a proper treatment of representation theory of the asymptotic symmetry group e.g. BMS particles in gravitational theory. The BMS particles are well studied in three dimension ( see [39] for a comprehensive discussion), and gain renewed attentions in four dimension recently [39, 40] . It would be definitely meaningful to have more investigation elsewhere following this direction to explore the nature of soft particles.
